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Abstract 
The existence of degree one maps defines an interesting partial order in the set of geometric 
3-manifolds, modulo homotopy equivalences. Here we classify this partial order among aspherical 
Seifert fibered spaces. We also consider the Seifert volume and show that it has some properties 
similar to that of Gromov’s norm under a degree d map. 
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0. Introduction 
Let M, N be closed oriented 3-manifolds. We say that M 2 N if there is a degree 
one map f : M -+ N. This defines an interesting partial order on the set of geometric 
3-manifolds, modulo homotopy equivalences [4]. The same is true if one considers 
nonoriented 3-manifolds (including orientable and nonorientable manifolds) and uses 
absolute degree. Thus it gives a way to measure the complexity of 3-manifolds. 
Not much is known about this partial order beyond some elementary facts such as 
that a degree one map induces an epimorphism on ~1 and Hi’s, and Gromov’s norm 
decreases under a degree one map. In [6] we started investigating this partial order, 
and determined when there is a degree one map from one lens space onto another. 
The present paper continues this work. We study this partial order for aspherical Seifert 
fibered spaces. It turns out that the classification can be described nicely in terms of 
unnormalized Seifert invariants. As a consequence, we show that if a Seifert fibered space 
I Partially supported by the UFF fund of the George Washington University. E-mail: rong@math.gwu.edu. 
0166-8641/95/$09.50 @ 1995 Elsevier Science B.V. All rights reserved 
SSDIO166-8641(94)00108-l 
192 E RongITopology and ifs Applications 64 (I995) 191-200 
M is orientable, then there can be at most finitely many aspherical Seifert fibered spaces 
N such that M 2 N; however, if M is nonorientable, then there can be infinitely many 
such N. This is related to the notion of local finiteness in posets. As we note in Section 
4, a general result for any geometric 3-manifolds would imply the main result in [4], 
which says that any infinite sequence of geometric 3-manifolds which decreases with 
respect to this partial order must eventually stabilize. In Section 5, we consider degree 
d maps between Seifert fibered spaces with the Sz geometry and their volumes. We 
prove a theorem analogous to that satisfied by the volumes of hyperbolic 3-manifolds. 
We raise the question of whether this can be generalized to arbitrary 3-manifolds. 
The main theorem that we need in this paper is the following result in [5]: any 
degree one map between aspherical Seifert fibered spaces is homotopic to a composition 
of “vertical pinches.” Since our result is best described using rational number notation 
for unnormalized Seifert invariants, we review these in Section 1. In Section 2, we 
describe Seifert manifolds that are “pinchable.” The classification theorem is proved in 
Section 3. Some corollaries are given in Sections 4 and 5. 
1. Unnormalized Seifert invariants 
We refer to [2,3] for basic terminology about Seifert fibered spaces. Let M be a 
closed Seifert fibered space, 0~ be its base orbifold, r : M + 0,~ be the projection 
map. The triple (M, TT, 0~) can be regarded as a generalized bundle over an orbifold. 
The unnormalized Seifert invariant of M is denoted by 
I(M) = {e,g; (cyi,Pi),. . . , <%Ps>} 
where E is 01,02, nl , n2,n3, or n4 (E measures the twist of M on the l-skeleton of 0~) ; 
g is the genus of 0~; cui and pi are coprimes that describe the singular fibers. See [2,3] 
for details. 
Since gcd(cui, pi) = 1 and (pi > 1, we can denote (cri,pi) by ri = pi/ai without 
losing any information. Thus Z(M) = {E, g; r-1,. . , I~}. 
The unnormalized Seifert invariants are not unique. One can show that two sets of 
Seifert invariants Z(M) and I( M') represent isomorphic Seifert fibrations if and only if 
E = e’,g = g’, and {ri} and {ri} are related by the following moves [ 21: 
( 1) For oriented Seifert fibered spaces: 
(a) permute the ri, 
(b) add 0 to or delete 0 from the list ri , . . . , rs, 
(c) replace 11,~ by ri + 1,~ - 1. 
(2) For nonorientable Seifert fibered spaces: 
(a) permute the ri, 
(b) add 0 to or delete 0 from the list 11, . . . , rs, 
(c) replace ~-1, t-2 by ~1 + 1, t-2 - 1, 
(d) replace rl by t-1 + 2, 
(e) replace r-1 by -rl. 
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2. Pinchable manifolds 
First we describe “vertical pinches” defined in [ 51. Let M be a closed 3-manifold. 
Suppose that there is a separating torus T in M so that M = Ml UT Mz. Suppose 
furthermore that some essential simple closed curve 1 on T bounds a 2-sided surface in 
M2. Let N = Ml UT V, where V is a solid torus whose meridian is identified with 1. 
Then there is a degree one map f : M -+ N which is the identity on Ml and sends M2 
onto V. Such a map is called a l-pinch in [5]. When M is a Seifert fibered space and 
T is a vertical torus, this l-pinch is called a vertical pinch. In this case N automatically 
has a Seifert fibration induced from M since 1 cannot be a regular fiber. The following 
theorem [ 51 implies any degree one map between Seifert fibered spaces is homotopic 
to a composition of such vertical pinches. 
Proposition 2.1. Let f : M 4 N be a nonzero degree map between closed aspheri- 
cal Seifert jibered spaces. Then f N p 0 g o n, where IT is a composition of finitely 
many vertical pinches, g is a fiber preserving branched covering, and p is a covering. 
Furthermore, p can be chosen to be the identity map unless N is a Euclidean manifold. 
Let X be a 3-manifold with dX 2 T2. If there is a proper map f from X onto the solid 
torus V such that f 18 is a homeomorphism, then we say X is pinchable, and (X, 1) is a 
pinchable pair where 1 = f -’ (m) for a meridinal curve m on cW. A standard 3-manifold 
argument proves the following 
Lemma 2.2. Let X be a 3-manifold with dX S’ T2, 1 be an essential simple closed curve 
on dX. Then the following are equivalent: 
( 1) (X, 1) is a pinchable pair. 
(2) 1 = aF for a 2-sided sueace F in X. 
(3) There is a homomorphism q5 : H1 (X, Z) --+ Z such that c$( 1) = 0 and dr maps 
i,Hl (8X, Z) onto Z. 
If X is orientable, then we can add 
(4) [l] =0 in Hl(X,Z). 
Now let X be a Seifert fibered space with dX Z T2. Once we fix a section c of 
the Seifert bundle on dX, the unnormalized Seifert invariant of X can be defined. The 
notion is the same as for closed Seifert fibered spaces. Note that if h is represented by a 
regular fiber, then (c, h) forms a basis of HI (8X, Z) . Let 1 be an essential simple closed 
curve on 6’X. We wish to determine when (X, 1) is a pinchable pair. Suppose that F is 
a 2-sided surface with c?F = 1. Then F can be chosen to be incompressible after cutting 
and pasting. Hence F is either vertical (consisting of fibers) or horizontal (transverse 
to fibers). Since a vertical surface is either a torus or an annulus, F must be horizontal. 
It follows that X is a fibered manifold. Together with Lemma 2.2, this implies 
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Lemma 2.3. If X is a Seifert fibered space, then (X, I) is a pinchable pair if and only 
if X is a jibered manifold and I bounds a jiber. 
It follows that h is of infinite order in Ht (X, Z). Hence the regular fibers in X can 
be consistently oriented. Thus: 
Lemma 2.4. If X is a pinchable Seifert Jibered space, then e(X) is 01 or nl. 
We now determine all the pinchable pairs (X, I). Consider first the case when E = 01. 
Then Ht (X, 2) has the following presentation (note that the generators must commute 
each other since we are using the additive notion): 
HI(X) ={a,,bl ,..., a,,b,,c ,,..., cs.h~aici=j3jh}. 
Wecan choose thesectioncon aX so that c=ct +...+c, E Hr(X,Z). Let (Y and 
/3 be given by LY = lcm{~i}Lr , p/a = C:zl pi/ i, cr w h ere lcm stands for least common 
multiple. Note that in general cr and /? may not be coprime. 
Let 4 be a homomorphism satisfying Lemma 2.2(3). Since (ai, pi) = 1, the equation 
aici = Pih implies that (Yil$( h). Therefore LY/$( h), and so 4(h) = ka for some integer 
k. It follows that @J(c~) = kafli/ai, and 4(c) = C kaPi/ai = kp. Since (c, h) form a 
basis for HI(~X,Z), {&h),4(c)} g enerates Z. This implies that k = 1, and (cy, /3) = 
1. Hence 1 = LYC - ph is a simple closed curve. Obviously we have #J(Z) = 0. On the 
other hand, given such an 1, we can find a homomorphism 4 satisfying Lemma 2.2. We 
have proved: 
Lemma 2.5. If e = 01, then (X, 1) is a pinchable pair if and only if ( CY, j?) = 1 and 
1= crc - @h, where cy and j3 are dejined as above. 
Next consider the case when E = ni. We have 
Hi(X) = {a,..., ug, Cl,. . . , Cs, hjaici = Pih}. 
A section c on JX can be chosen so that c = C ci + 2 C aj in Hi (X, Z). Let 4 be 
a homomorphism satisfying Lemma 2.2(3). As before, we have 4(h) = ka for some 
integer k. Therefore 4(ci) = kapi/ai, and 4(c) = kp + 2a where a = 4(c aj). Since 
(4(h)t4(c)) g enerates Z, (ka, kp + 2~) = 1. Conversely, given such integers k and a 
with (kcr, kp -I- 2a) = 1, one can define a map 4 which satisfies Lemma 2.2. Hence we 
have: 
Lemma 2.6. If E = nl , then (X, 1) is a pinchable pair if and only if I= (ka) c - (kP + 
2~) h for some integers k and a which satisfy (ka, k/3 + 2~2) = 1. 
We note that in general there are infinitely many such k and a’s. This will be used 
later in Corollary 4.1. 
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3. The degree one map partial order 
We now consider the degree one map partial order on closed Seifert fibered spaces. 
By Proposition 2.1, any degree one map is homotopic to a composition of finitely many 
vertical pinches. A vertical pinch can be homotoped so that it sends the “pinching part” 
onto a fiber (regular or singular). Hence the composition of two vertical pinches can 
be homotoped to either a vertical pinch or two “disjoint” vertical pinches, depending on 
whether or not the image of the first pinching part falls into the pinching part of the 
second pinch map. An induction gives: 
Lemma 3.1. Let f : M -+ N be a degree one map between closed aspherical Seifert 
jibered spaces. Then M and N have the following splittings along vertical tori: M = 
MoUMl U. . .UMk, N = M$J& U-. .Uv!, where each Mi is a vertical submanifold, ~3M1 ‘2 
. . . 2 dMk Z T2, dMo = IJa, JMi, Mb 2 MO, and each K is a solid torus. Furthermore, 
the map f can be homotoped so that it sends MO onto Mb homeomorphically, and sends 
Miontoxfori=l,...,k. 
To describe the partial order, first we introduce some notions. Let R = 
{Ala,,... , &/a,}, R’ = #;/a’, 3. . . , &/a:} be two unordered set of rational num- 
bers, counted with multiplicity (such sets are called multisets). Assume that (Yip czi > 
1, (q, pi) = (a:, pi) = 1. Define R 2 R’ if R can be split into a “disjoint” union 
R = RI U.. . U Rk such that 
for i= l,...,k. 
Theorem 3.2. Let M, N be closed oriented aspherical Seifert fibered spaces where M 
is given a Seifert jibration with I(M) = {E, g; R). Then there exists a degree one map 
f : M + N if and only if N has some Seifertfibration under which I(N) can be written 
as I(N) = {e’, g’; R’) where E = e’, g > g’ and R > R’. 
Proof. Let M = MO U Ml U . . + U Mk, N = MA U VI U . . . U vk be the splittings given 
by Lemma 3.1. Then N has the obvious Seifert fibration induced from M with Seifert 
invariant Z(N) = {e’, g’, R’}. Let I( Mi) = {q, gi, Ri}, i = 0, 1, . . . , k so that R = Ui Ri. 
For each i= l,... , k, Mi is pinchable and orientable, and thus ei = 01 by Lemma 2.4. 
Hence E = EO = .a’. Clearly g > g’ with equality if and only if gi = 0 for i > 0. Also 
R’ = Ro U {&/cr~}f=, where pi/ a, is contributed by the vertical solid torus Vi in N. ! 
Each &/(w[ is determined by Ri as in Lemma 2.5. This implies that R > R’. 
Conversely, if N has Seifert invariants satisfying the theorem, one can construct 
suitable vertical pinches to get the degree one map f : M --) N. 0 
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The following is an immediate corollary of Theorem 3.2. Here e(M) = C ri is the 
Euler number of the Seifert fibration of M. It is in fact a topological invariant of M if 
M is aspherical. This is because when the Seifert fibration is not unique, M must have 
the Euclidean geometry and so the Euler number is zero for any Seifert fibration. 
Corollary 3.3. Let M and N be aspherical Seifert jibered spaces with M 3 N. Then 
e(M) = e(N). 
For nonorientable Seifert fibered spaces together with maps of absolute degree 1, a 
similar result as in Theorem 3.2 can be obtained. But the statement is more involved 
and lengthy. Instead of giving a detailed analysis, we prove Corollary 4.1 below, which 
illustrates a major difference between the two cases. 
4. On the poset B 
As we mentioned in the introduction, degree one maps define a partial order on the 
set 6 of geometric 3-manifolds, modulo homotopy equivalences. In other words, (9, 2) 
form a poset (i.e., a partially ordered set) [ 81. Some basic properties of this poset 
can be seen easily. For example, there is a unique minimum element, namely, S3 (a 
minimum element in a poset P is a unique element 6 with x 3 6 for all x E P); there 
is no maximum element (an element i with f > x for all x); for each x E 9, there is 
a y that covers x (that is, y > x, and there is no z with y > z > x), but such y is not 
unique. 
An important property for a poset is local finiteness. A poset P is called locally finite 
if for any x, y E P, the interval [x, y] = {z E P: y 3 z 2 x} is finite. Many theorems 
on posets require this condition. It is not clear whether our poset G is locally finite. 
Since S3 is the minimum element, 6 is locally finite if and only if for each M E 6, 
there are only finitely many N E G, such that M 3 N. If B is indeed locally finite, 
then the main theorem in [ 41, that any infinite sequence of degree one maps between 
geometric 3-manifolds eventually stabilizes, would follow immediately. 
Corollary 4.1 (a) below shows that the subposet consisting of all closed aspherical 
Seifert fibered spaces is indeed locally finite. However, Corollary 4.1 (b) says that the 
corresponding poset for nonoriented manifolds is not locally finite. The key point is 
Lemma 2.6 and the remark following it, that an nonorientable manifold X with torus 
boundary can have infinitely many slopes 1 such that (X, 1) is a pinchable pair. Based 
on a similar idea, Wang has found examples of nonorientable hyperbolic 3-manifolds M 
for which there exist infinitely many hyperbolic manifolds N with M 2 N [lo]. It is 
not clear whether there exists an orientable hyperbolic 3-manifold M such that M > N 
for infinitely many hyperbolic manifolds N. 
Corollary 4.1. Let M be an aspherical closed Seifertjbered space. 
(a) If M is orientable, then there are finitely many aspherical Seifert jibered spaces 
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N such that M > N. 
(b) If M is nonorientable, then there are infinitely many Seifert jbered spaces N 
such that M 2 N. 
Proof. (a) Suppose that M is orientable, and M Z N. Then the Seifert invariants of 
M and N are related as in Theorem 3.2. The number of possibilities for g’ is finite 
since g’ < g. The number of possibilities for R’ is also finite since each choice of R’ 
is uniquely determined by the way R splits into the disjoint union R = Ro U . . . U Rk. 
Hence the possibilities of N is finite up to fiber preserving homeomorphisms. 
(b) Next let M be nonorientable. Let D be a disk in 0~ containing all the cone 
points, and V = T-’ (D), where r : M --) O,C~ is the projection map. Let X = M - Int V 
and apply Lemma 2.6 to X. We have (Y = 1, /3 = 0. Thus if k, a are integers satisfying 
(k, 2a) = 1, then for I = kc - 2ah, (X, 1) is a pinchable pair. This gives degree one 
maps fk.8 : M -+ Nk+. Each Nk,a is a Seifert fibered space over S2 with Seifert invariant 
r(Nk,a) = {01,0;P1/~1,...,Ps/~,,2a/k}, h w ere the /3Jai are the Seifert invariants 
coming from V. We distinguish these Seifert fibered spaces by comparing Ht, whose 
computation follows easily from Seifert’s work. By Lemma 4.2 of [2], the order of 
Ht(Nk.0) is 
lffl(Nk,a)I = @E+T) ka,...a,. 
For k = 1 and a --f 00, the order goes to infinity. Therefore we get infinitely many N 
with M > N. Cl 
5. A note on Seifert volume and degree d maps 
In this section, we consider degree d maps (d # 0) between Seifert fibered spaces 
with the S? geometry, and prove its volume satisfies a property similar to that of the 
hyperbolic volume. 
Let f : M + N be a map of degree d ( # 0) between closed oriented hyperbolic 
3-manifolds. The strict version of the Mostow rigidity theorem says 11 MI1 > dll Nil 
with equality if and only if f is homotopic to a local isometry [ 93. Here I( . 11 denotes 
Gromov’s norm. Gromov’s norm is proportional to the volume of M under the hyperbolic 
metric. Thus the geometry of M under f collapse somewhat unless f is homotopic to 
a covering. 
Now we consider Seifert fibered spaces M with the Sz geometry. Unlike the 
hyperbolic manifolds, where the geometry is unique as guaranteed by Mostow’s rigidity 
theorem, the S? geometry for M is not unique. Nevertheless, the volume is a fixed 
topological invariant, which is proportional to c(M) = X(OM)2/e( M). Here e(M) is 
the Euler number, and x(0~) is the Euler number of the base orbifold. These are 
well-defined nonzero topological invariants for a Seifert fibered space M with the SG 
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geometry. The following corollary shows that Vol(M) has properties similar to those 
properties of volumes of hyperbolic manifolds. 
Corollary 5.1. Let M, N be closed, orientable Seifert jibered spaces with the S?R 
geometry. If there is a map f : M --+ N with degree d, then 
(a) Vol(M) > dVol(N). 
(b) The equality holds ifand only iffor any given geometry on N, there is a geometry 
on M for which f is homotopic to a local isometry. 
Remark. It is well known and easy to see that c(M) has the covering property, that 
is, it multiplies by d under a d-fold covering. Also work of Brook and Goldman [ l] 
implies part (a) of the corollary. However to prove the complete statement of Corollary 
5.1 we need to rely on work of [ 51. 
Proof of Corollary 5.1. Since f is homotopic to a composition of vertical pinches and 
a fiber preserving branched cover, it is enough to prove the theorem for these two kinds 
of maps. 
First, if f is a vertical pinch, then the homological calculation in Section 2 and 




where g 3 g’, cr’ = Icm{Cri}i>l, P’/LY’ = Ci,, pi/ai, and ((Y’, p’) = 1. 
We have e(M) = e(M’) by Corollary 3.3. The absolute value of the Euler numbers 




(if E = n2, then 2g - 2 is replaced by g - 1) . 
By Lemma 5.2 below, we have Ix(O~) 1 3 I,y(O,) 1 with equality if and only if 
0~ g ON. It follows that c(M) 3 c(N) with equality if and only if M s N, or 
equivalently, f is homotopic to a homeomorphism. But this later condition is equivalent 
to f being homotopic to an isometry when we choose M to have the metric induced 
from N. 
Next, if f is a fiber preserving branched covering, then the degree d decomposes into 
d = dld2, where dl is the degree of the covering given by the restriction of f on a 
regular fiber, d2 is the degree off : 0~ -+ ON (maps, coverings, and branched coverings 
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between orbifolds can be defined locally). Since 0~ and 0~ are both good hyperbolic 
orbifolds, a covering space argument shows the inequality Ix(Oy) 1 2 dz]~(O~) 1 with 
equality iff 7 is a covering. Also we have e(M) = (&/dt )e( N) by the naturality of 
the Euler class (the covering map case is shown in [ 21, but the equation works for any 
bundle map). 
This implies c(M) 2 dc( N), and equality holds if and only if f is a covering. This 
is equivalent to f being a covering, which is equivalent to f being a local isometry 
provided we choose A4 to have the induced metric from N. 
The above two steps then complete the proof, modulo the following easy lemma. 0 
Lemma 5.2. Let (~1, . . . , CY, be integers greater than one, let CY’ be their least common 
multiple Then ci( 1 - l/ai) 2 1 - l/a’. The equality holds ifn = 1. 
Proof. If n = 1, obviously the equality holds. If R > 1, then ci( 1 - 1 /ai) b Ci( 1 - 
l/2) =n/2 > 1 > 1 - l/a. 0 
Finally we remark that Corollary 5.1 can also be proved using results of Brook and 
Goldman [ 1 ] . They define an invariant {M} that they call Seifert volume, for an arbitrary 
closed oriented 3-manifold M using the Godbillon-Vey invariant. In the case where M 
has the S? geometry, they show that: (1) {M} equals the volume of M, and (2) a 
representation 4 : n-lit4 -+ PSL( 2, R) maximizes the Godbillon-Vey invariant iff 4 is 
discrete and faithful. Using this one can give a second proof of Corollary 5.1. However 
this proof is not as elementary and not constructive since definition of {M} is quite 
involved. One interesting question is that if we replace Vol( M) by {M}, can Corollary 
5.1 (b) be suitably generalized to arbitrary 3-manifolds. Note that if the hyperbolic 
volume is replaced by Gromov’s norm, we have a recent result by Soma [7]: if f : 
M -+ N is a degree d map between closed Haken manifolds such that [IMll = d]lNll, 
then f can be homotoped so that it maps H(M) onto H(N) homeomorphically, where 
H(M) denotes the hyperbolic part of M. 
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